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Abstract
This paper provides the chromatic sum function equation of rooted 2-edge-connected maps on the
plane. The enumerating function equations of rooted biloopless maps, rooted nonseparable maps,
rooted 2-edge-connected bipartite maps and rooted loopless Eulerian maps on the plane are derived
by the chromatic sum function equation of rooted 2-edge-connected maps on the plane. Moreover,
some explicit expressions of enumerating functions are also derived.
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1. Introduction
A map is always denoted byM=(X;J), whereX=∑x∈XKx,Kx={x, x,x, x},
K is the klein group of four elements denoted by 1, ,, , X is a ﬁnite set and J is a
basic permutation onX. Terms not mentioned here can be found in [11].
A map (graph) is k-edge-connected if it needs at least k edges to separate the map (graph)
[2]. An isthmus of map M is an edge which belongs only one face in map M . A (rooted)
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map is said to be (rooted) biloopless if there are no loops in the map and also in its dual
map, i.e., there are no loops and no isthmus in this map. A rooted map is called Eulerian if
all the valencies of its vertices are even. The enumeration of Eulerian planar maps was ﬁrst
studied by Tutte in the 1960s [14]. Then, it has been developed from the distinct classes
by many scholars. Enumerating problem of rooted loopless Eulerian planar map was ﬁrst
studied by Liu in 1992, and the cubic equation with the number of edges and the valency
of rooted vertex as two parameters was obtained. A mapM is called separable if its edges
set can be partitioned into two disjoint non-null submaps S and T so that there is just
one vertex incident with both S and T . The vertex is said to be a separable vertex of M .
A rooted nonseparable map on the plane is a rooted one without any separable vertex.
The dichromatic polynomial of a map M is a polynomial X(M;, ) in two variables
, . Fortuin and Kasteleyn [4,5] showed, from the viewpoint of statistical physics, that
X(M;, ) is equivalent to the partition function of a q-state Potts model on M , with
q = ( − 1)( − 1). Baxter [1] pointed out that the dichromatic sum function equation
of rooted nonseparable maps on the plane ([8, Equation 4.17]) gives the average over a
completely random “lattice”, and there had been much work in statistical mechanics and
ﬁeld theory on summing over planar Feynman diagrams.
On chromatic sums, the ﬁrst paper whichwas published in 1973 byTutte [15] is for rooted
planar triangulations. Since 1973, Tutte has published a series of papers [15,16] on chro-
matic sums for rooted planar triangulations to tackle the coloring average problem. Then,
chromatic sums have been studied by Read and Whitehead [13], Loerinc [12], Liu [6–9]
and others. The chromatic sums can tackle the coloring average problem. Further, it plays
an important part in the study of the four-color problem. This paper provides the chromatic
sum function equation of rooted 2-edge-connected maps on the plane. The enumerating
function equations of rooted biloopless maps, rooted nonseparable maps, rooted 2-edge-
connected bipartite maps and rooted loopless Eulerian maps on the plane are derived by the
chromatic sum function equation of rooted 2-edge-connected maps on the plane. Moreover,
some explicit expressions of enumerating functions are also derived.
Now two well-known formula on chromatic polynomials of maps should be mentioned
for further use. The ﬁrst one is
P(M; )= P(M − R; )− P(M • R; ) (1)
for any mapM , where R is an edge ofM,M −R andM •R stands for the resultant maps
of deleting and contracting R fromM , respectively. The second one is
P(M1 ∪M2; )= 1(− 1) · · · (− i + 1) P (M1; )P (M2; ) (2)
provided thatM1∩M2=Ki , the complete graph of order i, i1. In this paper, for any map
M , er(M) stands for the root-edge ofM . LetM be the set of all rooted 2-edge-connected
maps on the plane. Its chromatic sum functions are
f = f (x, y, z, t,; )=
∑
M∈M
P(M; )xm(M)yn(M)zl(M)ts(M)d(M),
where m(M), n(M), l(M), s(M), d(M) and P(M; ) are, respectively, the valency of
root-vertex of M , the valency of root-face of M , the number of nonrooted vertices of
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M , the number of nonrooted faces of M , the number of edges of M and the chromatic
polynomial ofM .
For k maps,Mi = (Xi ,Ji ), i = 1, 2, . . . , k, ri = r(Mi) is the root ofMi , Vri = (ri, Si)
is the root-vertex of Mi and V ′i = ((Ji)j ri , Ti , (Ji)j−1ri) (j = 1, 2, . . . , n(M))
is another vertex ofMi . We deﬁne
M(X,J)=M1⊕′M2⊕′ · · · ⊕′Mk, X=X1 +X2 + · · · +Xk .
J is determinedbycomposingnewverticesVi=((Ji)j−1ri, ri+1, Si+1, (Ji)j ri , Ti)
from V ′i and Vri+1 for i = 1, 2, . . . , k − 1 with r = r(M)= r1. Further, for k sets of maps,
the set of maps
M=M1⊗′M2⊗′ · · · ⊗′Mk = {M1⊕′M2⊕′ · · · ⊕′Mk|Mi ∈Mi , i = 1, 2, . . . , k}.
IfM1 =M2 = · · · =Mk , thenM=M⊗′k1 . In the deﬁnition of ⊗′, j may be any number
of {1, 2, . . . , n(M)}; if j may be any number of {1, 2, . . . , n(M) − 1}, then we deﬁne the
operation on the set of maps by ⊗.
2. Chromatic sum equation
The setM may be divided into three parts as
M=MI +MII +MIII, (3)
whereMI consists of only the vertex map ϑ,
MII = {M|M ∈M−MI, er is a loop};
MIII = {M|M ∈M−MI, er is not a loop}.
By deﬁnition of chromatic polynomial, we have:
Fact 1: For a graph G, if G=G1 ∪G2, and G1 ∩G2 = ∅, then
P(G; )= P(G1; )P (G2; ).
Fact 2: For a graph G, if G has loops, then
P(G; )= 0.
Let fi (i = I, II, III) be the chromatic sum function ofMi . Let f+ = f (x, 1, z, t,; );
f ∗ = f (1, y, z, t,; ); f− = f (1, 1, z, t,; ). Then,
f = fI + fII + fIII; fI = ; fII = 0. (4)
Lemma 1. LetM(III) = {M • er(M)|M ∈MIII}. Then,
M(III) ⊂M.
Proof. For anyM ′ ∈M(III), whereM ′ =M • er(M),M ∈M. IfM is a 2-edge-connected
map, thenM ′ is also a 2-edge-connected map. Therefore,M(III) ⊂M. 
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If map has a single edge, and the edge is not a loop, then it is called the link map denoted
byL. LetM′ be a subset ofM, and every map ofM′ have only one vertex on the root-face.
Lemma 2. LetM〈III〉 = {M − er(M)|M ∈MIII}. Then,
M〈III〉 =M⊗′L1 ⊗M1⊗′ · · · ⊗′Li ⊗Mi +M−MI −M′,
where i = 1, 2, . . . ,M=M1 =M2 = · · · , L= L1 = L2 = · · ·.
Proof. For any M ′ ∈M〈III〉, where M ′ =M − er(M),M ∈MIII. If M ′ has no isthmus,
thenM ′ ∈M−MI−M′; ifM ′ has isthmus, thenM ′ ∈M⊗′L1⊗M1⊗′ · · · ⊗′Li⊗Mi .
Conversely, for anyM ′ =M⊕′L1 ⊕M1⊕′ · · · ⊕′Li ⊕Mi(Li =L,M ∈M,Mi ∈M),
we can obtain a map M ′′ by adding a new edge from the root-vertex of M to one vertex
on the root-face of Mi ; the new edge is root-edge of M ′′, and M ′′ ∈ MIII. For any M ′ ∈
M−MI−M′, we can obtain a mapM ′′ by adding a new edge from the root-vertex ofM ′
to another vertex on the root-face ofM ′; the new edge is root-edge ofM ′′. If the new edge
is not a loop, thenM ′′ ∈MIII. 
Applying (1), for chromatic sum functions, the contribution ofMIII to f is
fIII =
∑
M∈MIII
P(M − er(M); )xm(M)yn(M)zl(M)ts(M)d(M)
−
∑
M∈MIII
P(M • er(M); )xm(M)yn(M)zl(M)ts(M)d(M). (5)
The ﬁrst and the last summations in (5) are denoted by fIIIA and fIIIB , respectively.Applying
Lemma 2 and (2), we have
fIIIA = xyt

 ∑
M∈M
P(M; )xm(M)zl(M)ts(M)d(M)

n(M)∑
i=0
yi




×
∑
k0
(1− −1)kykzkk

 ∑
M∈M
P(M; )zl(M)ts(M)d(M)

n(M)∑
i=0
yi




k
+ xyt
[ ∑
M∈M
P(M; )xm(M)zl(M)ts(M)d(M)(1+ yn(M))
]
× (1− −1)xyz

 ∑
M∈M
P(M; )zl(M)ts(M)d(M)

n(M)∑
i=0
yi




×
∑
k0
(1− −1)kykzkk

 ∑
M∈M
P(M; )zl(M)ts(M)d(M)

n(M)∑
i=0
yi




k
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− xyt
[ ∑
M∈M
P(M; )xm(M)zl(M)ts(M)d(M)(1+ yn(M))
]
× (1− −1)yz

 ∑
M∈M
P(M; )zl(M)ts(M)d(M)

n(M)∑
i=0
yi




×
∑
k0
(1− −1)kykzkk

 ∑
M∈M
P(M; )zl(M)ts(M)d(M)

n(M)∑
i=0
yi




k
− xyt−1
( ∑
M∈M
P(M; )xm(M)yn(M)zl(M)ts(M)d(M)
)
×
( ∑
M∈M
P(M; )xm(M)zl(M)ts(M)d(M)
)
= xyt(f
+ − yf )
1− y − (1− −1)yz(f− − yf ∗) − xyt
−1f+f
+ x(x − 1)y
2zt2(f+ + f )(1− −1)(f− − yf ∗)
1− y − (1− −1)yz(f− − yf ∗) . (6)
Applying Lemma 1, Facts 1 and 2 and (2), we have
fIIIB = xyz
∑
M∈M
P(M; )yn(M)zl(M)ts(M)d(M)

m(M)∑
i=0
xi


− xyz
[ ∑
M∈M
P(M; )xm(M)yn(M)zl(M)ts(M)d(M)
×
∑
M∈M
P(M; )yn(M)zl(M)ts(M)d(M)
− (1− −1)
∑
M∈M
P(M; )xm(M)yn(M)zl(M)ts(M)d(M)
×
∑
M∈M
P(M; )yn(M)zl(M)ts(M)d(M)
]
= xyz(f
∗ − xf )
1− x − 
−1xyzff ∗. (7)
Let
f = f
+ − yf
1− y − (1− −1)yz(f− − yf ∗) .
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Applying (3)–(7), we have the following:
Theorem 1. f satisﬁes the following functional equation:
f = + xytf + x(x − 1)y2zt2(1− −1)(f+ + f )f ∗
− xyt−1f+f − xyz(f
∗ − xf )
1− x + 
−1xyzff ∗. (8)
3. The case: =∞
In this section, ﬁrstly, we use one polynomial R(M; ) that stands for the chromatic
polynomial
P(M; )= l(M)+1R(M; ),
where =−1,R(M; 0)=1.We construct one function g that corresponds to the chromatic
sum function
g = g(x, y, z, t,; )=
∑
M∈M
R(M; )xm(M)yn(M)zl(M)ts(M)d(M). (9)
Let Z = −1z. Then, we obtain
g(x, y, z, t,; )= −1f (x, y, Z, t,; ). (10)
By (10), we obtain that
g(1, y, z, t,; )= −1f (1, y, Z, t,; ), (11)
g(x, 1, z, t,; )= −1f (x, 1, Z, t,; ), (12)
g(1, 1, z, t,; )= −1f (1, 1, Z, t,; ). (13)
LetMbl andMns are the sets of all rooted biloopless maps and rooted nonseparable maps
on the plane, respectively. Their enumerating functions are, respectively,
fbl = fbl(x, y, z, t,)=
∑
M∈Mbl
xm(M)yn(M)zl(M)ts(M)d(M),
fns = fns(x, y, z, t,)=
∑
M∈Mns
xm(M)yn(M)zl(M)ts(M)d(M),
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where m(M), n(M), l(M), s(M) and d(M) are, respectively, the valency of root-vertex of
M , the valency of root-face of M , the number of nonrooted vertices of M , the number of
nonrooted faces ofM and the number of edges ofM .
A map is biloopless if the map itself and its dual have no loop. A 2-edge-connected
map, if it has no loop, is biloopless. Let fbl = fbl(x, y, z, t,)= g(x, y, z, t,; 0), f+bl =
fbl(x, 1, z, t,); f ∗bl= fbl(1, y, z, t,); f−bl = fbl(1, 1, z, t,); yfbl= (f+bl − yf )/(1−
y − yz(f−bl − yf ∗bl)). Because any map with a loop is not colorable, therefore, applying
(10)–(13) and Theorem 1, we obtain the following theorem.
Theorem 2. The enumerating function fbl of rooted biloopless maps on the plane satisﬁes
the following equation:
fbl = 1+ xytyfbl + x(x − 1)y2zt2(f+bl + fbl)yf ∗bl − xytf+bl fbl.
Applying Theorem 2, we obtain the following:
Corollary 1. The enumerating function fbl(1, y, z, t, 1) of rooted biloopless maps on the
plane satisﬁes the following equation:
fbl(1, y, z, t, 1)= 1+ yt(fbl(1, 1, z, t, 1)− yf bl(1, y, z, t, 1))1− y − yz(fbl(1, 1, z, t, 1)− yf bl(1, y, z, t, 1))
− ytf bl(1, 1, z, t, 1)fbl(1, y, z, t, 1).
Considering map duality, by Corollary 1, we obtain the following:
Corollary 2. The enumerating function fbl(x, 1, z, t, 1) of rooted biloopless maps on the
plane satisﬁes the following equation:
fbl(x, 1, z, t, 1)= 1+ xz(fbl(1, 1, z, t, 1)− xf bl(x, 1, z, t, 1))1− x − xt(fbl(1, 1, z, t, 1)− xf bl(x, 1, z, t, 1))
− xzf bl(1, 1, z, t, 1)fbl(x, 1, z, t, 1).
From the deﬁnition of biloopless maps on the plane and the nonseparable maps on the
plane, we can see that the only difference between them is whether to have the cut vertices
or to have no cut vertex.
For anymapM ′ ∈Mns−L, whereL is a loopmap on the plane,M ′ can be derived from
a map M ∈Mbl − ϑ (ϑ is the vertex map) by deleting all the biloopless maps embedded
in each corner at each of the vertices ofM . On the other hand, for any mapM ∈Mbl − ϑ,
M can be regarded as the result map obtained fromM ′ ∈Mns −L, by embedding one of
the rooted biloopless maps into each corner at each vertex of M ′ such that the root-vertex
of the map M identify with that of the corresponding corner of M ′. Since the number of
corners in M ′ ∈ Mns −L is twice the number of edges of M ′ and it can be seen from
the Euler formula that the number of edges is the summation of the number of non-rooted
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vertices and the number of non-rooted faces, we have
fbl(x, 1, z, t, 1)= 1+
∑
M∈Mns−L
xm(M)zl(M)ts(M)f
m(M)
bl (x, 1, z, t, 1)
× f 2l(M)+2s(M)−m(M)bl (1, 1, z, t, 1)
= 1+
∑
M∈Mns−L
(
xf bl(x, 1, z, t, 1)
fbl(1, 1, z, t, 1)
)m(M)
(zf 2bl(1, 1, z, t, 1))
l(M)
× (tf 2bl(1, 1, z, t, 1))s(M). (14)
Applying (14), we have
fbl(x, 1, z, t, 1)= 1+ fns(xˆ, 1, zˆ, tˆ , 1)− xˆ2 tˆ , (15)
where
x = xˆfbl(1, 1, z, t, 1)
fbl(x, 1, z, t, 1)
; z= zˆ
f 2bl(1, 1, z, t, 1)
; t = tˆ
f 2bl(1, 1, z, t, 1)
.
Let f+∗ns = fns(x, 1, z, t, 1), f−∗ns = fns(1, 1, z, t, 1). Applying (15) and Corollary 2, we
obtain the following:
Corollary 3 (Liu [11]). The enumerating function f+∗ns = fns(x, 1, z, t, 1) of rooted non-
separable maps on the plane satisﬁes the following equation:
f+∗2ns + (1− x + xz− x2t − xf−∗ns )f+∗ns − x2((1− x)t + (z− tx)f−∗ns )= 0. (16)
From (16), by the double-root method, we obtain the following parametric expression:
z= (1− 	)2; t = 	(1− )2; f−∗ns − t = 	(1− − 	). (17)
Applying (17) and the Lagrangian inversion, we have the following:
Corollary 4 (Brown and Tutte [3], Liu [11]). The number of rooted distinct nonseparable
planar maps with order (i.e., the number of vertices) m (m1) and dual order (i.e., the
number of faces) p (p2) is
NMns(m, p)=
(2m+ p − 5)!(2p +m− 5)!
(m− 1)!(p − 1)!(2m− 3)!(2p − 3)! .
Applying Theorem 2, we have the following:
Corollary 5. The enumerating function fbl(x, 1, 1, 1,) of rooted biloopless maps on the
plane satisﬁes the following equation:
fbl(x, 1, 1, 1,)= 1+ x(fbl(1, 1, 1, 1,)− xf bl(x, 1, 1, 1,))1− x − x(fbl(1, 1, 1, 1,)− xf bl(x, 1, 1, 1,))
− xfbl(1, 1, 1, 1,)fbl(x, 1, 1, 1,). (18)
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From (18), we obtain the following parametric expression:
fbl(x, 1, 1, 1,)= 1+ 
2[(1− )(1− 	)− 	2]
(1− + 	)2 ,
fbl(1, 1, 1, 1,)= 1+ (1− 2	)	2,
x= (1− )(1− 	)(1− + 	){(1− + 	)2 + 2[(1− )(1− 	)− 	2]}[1+ (1− 2	)	2] ,
= 	(1− 	)
2
[1+ (1− 2	)	2]2 . (19)
From (19), by the Lagrangian inversion, we obtain the following:
Theorem 3. The enumerating function fbl(1, 1, 1, 1,) of rooted biloopless maps on the
plane has the following explicit expression:
fbl(1, 1, 1, 1,)
= 1+
∑
n2
∑
2n i j0
n−2−2i−j0
(−1)j 2
j+2(3n− 2i − j − 4)!(4i + 2j + 3)
(2n− i)!j !(i − j)!(n− 2i − j − 2)! 
n
.
4. The case: = 2
LetM′′ andM
l be the sets of all rooted 2-edge-connected bipartite maps and rooted
loopless Eulerian maps on the plane, respectively. Their enumerating functions are, respec-
tively,
h= h(x, y, z, t,)=
∑
M∈M′′
xm(M)yn(M)zl(M)ts(M)d(M),
f
l = f
l (x, y, z, t,)=
∑
M∈M
l
xm(M)yn(M)zl(M)ts(M)d(M),
where m(M), n(M), l(M), s(M) and d(M) are, respectively, the valency of root-vertex of
M , the valency of root-face of M , the number of nonrooted vertices of M , the number of
nonrooted faces ofM and the number of edges ofM .
By the properties of chromatic polynomials, we have
f (x, y, z, t,; 2)= 2h(x, y, z, t,), (20)
f (1, y, z, t,; 2)= 2h(1, y, z, t,), (21)
f (x, 1, z, t,; 2)= 2h(x, 1, z, t,), (22)
f (1, 1, z, t; 2)= 2h(1, 1, z, t). (23)
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Let h+=h(x, 1, z, t,); h∗=h(1, y, z, t,); h−=h(1, 1, z, t,);yh=(h+−yh)/(1−
y − yz(h− − yh∗)). Applying (20)–(23) and Theorem 1, we have the following:
Theorem 4. The enumerating function h of rooted 2-edge-connected bipartite maps on the
plane satisﬁes the following functional equation:
h= 1+ xytyh+ x(x − 1)y2zt2(h+ + h)yh∗
− xyth+h− xyz(h
∗ − xh)
1− x + xyzhh
∗
.
Let
f+
l = f
l (x, 1, z, t,); f ∗
l = f
l (1, y, z, t,); f−
l = f
l (1, 1, z, t,);
xf
l = (f ∗
l − xf 
l )/(1− x − xt(f−
l − xf+
l )).
Considering the dual map, from Theorem 4, we obtain the following:
Theorem 5. The enumerating function f
l of rooted loopless Eulerian maps on the plane
satisﬁes the following functional equation:
f
l = 1+ xyzxf
l + y(y − 1)x2zt2(f ∗
l + f
l )xf+
l
− xyzf ∗
lf
l −
xyt(f+
l − yf 
l )
1− y + xytf
lf
+

l .
Let A= y2z(h+ − h)/(1− y2); B = yz(h+ − y2h)/(1− y2); Ax=1 = y2z(h− −
h∗)/(1− y2); Bx=1 = yz(h− − y2h∗)/(1− y2). Then
∑
M∈M′′
xm(M)zl(M)ts(M)d(M)

n(M)∑
i=0
yi

= y−1z−1−1(A+ B);
∑
M∈M′′
zl(M)ts(M)d(M)

n(M)∑
i=0
yi

= y−1z−1−1(Ax=1 + Bx=1).
Theorem 6.
1
2
xtz−1
[
A+ B
1− (Ax=1 + Bx=1) −
A− B
1− (Ax=1 − Bx=1)
]
− xyth+h
+ 1
2
x(x − 1)yt(h+ + h)
[
Ax=1 + Bx=1
1− (Ax=1 + Bx=1) +
Ax=1 − Bx=1
1− (Ax=1 − Bx=1)
]
= xyz(h
∗ − xh)
1− x − xyzh
∗h.
Proof. For anyM ∈M′′, we can obtain a mapM ′ fromM by splitting the root-vertex ofM
into two vertices o1 and o2 and adding a new edgeR= (o1, o2) as the root-edge ofM ′. Each
face ofM ′ except the two faces have even valency, and the valency of root-face ofM ′ is odd,
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M ′ −R ∈M′′⊗′L1⊗M1⊗′ · · · ⊗′, Li⊗Mi , where i=1, 2, . . . ,M′′ =M1=M2=· · · ,
and L= L1 = L2 = · · · .
Therefore, Theorem 6 is obtained. 
Applying Theorems 4 and 6, we have the following:
Theorem 7. The enumerating function h of rooted 2-edge-connected bipartite maps on the
plane satisﬁes the following functional equation:
h= 1+ 1
2
xtz−1
[
A+ B
1− (Ax=1 + Bx=1) +
A− B
1− (Ax=1 − Bx=1)
]
+ 1
2
x(x − 1)yt(h+ + h)
[
Ax=1 + Bx=1
1− (Ax=1 + Bx=1) −
Ax=1 − Bx=1
1− (Ax=1 − Bx=1)
]
.
Let x = 1. Applying Theorem 7, we have the following:
Corollary 6. The enumerating function h∗ of rooted 2-edge-connected bipartite maps on
the plane satisﬁes the following functional equation:
h∗ = 1+ 1
2
tz−1
[
Ax=1 + Bx=1
1− (Ax=1 + Bx=1) +
Ax=1 − Bx=1
1− (Ax=1 − Bx=1)
]
.
Let x = z= t = 1. Applying Corollary 6, we have the following:
Corollary 7. The enumerating function of rooted 2-edge-connected bipartite maps on the
plane satisﬁes the following functional equation:
y42h3(1, y, 1, 1,)+ 2y2h2(1, y, 1, 1,)+ [1− y2− y2
(1+ h(1, 1, 1, 1,))2]h(1, y, 1, 1,)+ y2(1+ h(1, 1, 1, 1,))− 1= 0.
Considering the dual map, and applying Corollary 7, we have the following:
Corollary 8 (Liu [10]). The enumerating function of rooted loopless Eulerian maps on the
plane satisﬁes the following functional equation:
x42f 3
l (x, 1, 1, 1,)+ 2x2f 2
l (x, 1, 1, 1,)+ [1− x2− x2
(1+ f
l (1, 1, 1, 1,))2]f
l (x, 1, 1, 1,)+ x2(1+ f
l (1, 1, 1, 1,))− 1= 0
From Corollary 8, we can obtain the following parametric expressions:
=−2(− 1)(− 2)3; f
l (1, 1, 1, 1,)= 1+ − 
2
2(2− )3 . (24)
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Applying (24) and the Lagrangian inversion, we obtain the following:
Corollary 9 (Liu [10]). The enumerating function f
l (1, 1, 1, 1,) of rooted loopless Eu-
lerian maps on the plane has the following explicit expression:
f
l (1, 1, 1, 1,)= 3
∑
n2
[(n/2)−1]∑
j=0
(2n+ 1− j)(4j − n+ 4)− 2
n(n+ 1)(n+ 2)
×
(
2n+ j
j
)(
2n− 2− 2j
n
)
n,
where [n/2− 1] is integer and n/2− 2< [n/2− 1]n/2− 1.
Considering the dual map, and applying Corollary 9, we obtain the following:
Corollary 10. The enumerating function h(1, 1, 1, 1,) of rooted 2-edge-connected bi-
partite maps on the plane has the following explicit expression:
h(1, 1, 1, 1,)= 3
∑
n2
[(n/2)−1]∑
j=0
(2n+ 1− j)(4j − n+ 4)− 2
n(n+ 1)(n+ 2)
×
(
2n+ j
j
)(
2n− 2− 2j
n
)
n,
where [n/2− 1] is integer and n/2− 2< [n/2− 1]n/2− 1.
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